Abstract: Let X,, X,, X,,... be a sequence of i.i.d. C%*-valued random variables with a spherically symmetric distribution. Let (S,,; n > 0) be its sequence of partial sums and let (+(n); n 2 0) be its winding sequence. Assuming only a mild moment condition we show, via Brownian embedding, that 2$1(n)/ o g n converges in distribution to a standard hyperbolic secant distribution.
Introduction
Let X,, X,, X3,. . . be a sequence of i.i.d. R2-valued random variables and let S = (S,; n > 0) be its sequence of partial sums. In Belisle (1989) we defined the winding sequence (e(n); n 2 0) of the random walk S and we showed that if (a) Xi has mean vector zero and covariance matrix identity, (b) there exists a finite constant b such that P[ 11 Xi 11 < b] = 1, and (c) either the distribution of Xi is absolutely continuous with respect to Lebesgue measure in the plane, or the additive subgroup of R2 generated by the support of the distribution of Xi is the lattice gd= {dz; zER2} for some d>O, then
where W is standard hyperbolic secant, i.e. W has density isech(&rw). (Condition (a) can be relaxed. Vector mean zero and nonsingular covariance matrix is enough. We hope to replace condition (b) by a moment condition. Condition (c) can be relaxed. Harris recurrence is enough.) The proof is long and it involves a rather complicated construction. The purpose of this note is to show that for spherically symmetric random walks satisfying a mild moment condition, the limit distribution result (1) follows easily, via Brownian embedding, from the analogous result for Brownian big windings.
The result
Let F be a nondegenerate probability measure on Iw 2 and assume that it satisfies the following conditions: (i) F is spherically symmetric (in the sense that for every rotation Q on R2 and for every Bore1 set B (3 k,ll x II ' log2(max{ly II x II ))F(dx) < ~0.
Let p be the probability measure on IR + defined by
Let B = (B(t): t 2 0) be a standard 2-dimensional Brownian motion starting at the origin and let R,, R,, R,, . . . be independent random variables with distribution p, independent of B. Let r0 = 0 and for j > I,
Finally, let X, = B( T,,) -B( T,-~).
Observe that Xi, X2, X3,. . _ is a sequence of i.i.d. R2-valued random variables with distribution F and that its sequence of partial sums S = (S,; n 2 0) is the sequence ( B(T,); n 2 0). Furthermore the time increments 7j -7, _ 1, j > 1, are i.i.d. This is our Brownian embedding representation of S. Observe also that I( X, 11 = R,. From condition (ii) we have /n2 11 x (1 2F(d x < co and since windings are invariant under ) scaling, there will be no loss of generality in assuming that /uz 11 x 11 2F(dx) = 2. (In view of condition (i) this is equivalent to the requirement that F have covariance matrix identity). With this normalization we have E[ ri -~_i] = 1. Now write
where (+(n); n 2 0) is the winding sequence of S and where (e,(t); t a 0) is the Brownian big winding process
40)
= &B(aj,, + de(s), as defined in Messulam and Yor (1982) and Pitman and Yor (1986 
Proof of Proposition 1
Fix 0 < E < 1. Choose 8, > 0 small enough so that
Let nE be large enough so that for all n > n,,
Now observe that if we have 1 7n -n 1 < n&, if we have 11 B(n(1 -8,)) I[(1 -sin(ie)) > 1, and if we have ~up,~,_~,~~,~,,~~+~,~ II B(t) -B(n(1 -8,)) II < )I B(n(1 -8,)) [Isin( then between time n and time rn the Brownian path remains inside the disk of radius II B( n(l -6,)) (I ' (' )
sm Ia centered at B( n (1 -8,) ) and that disk does not intersect the unit disk centered at the origin. This implies that
+p ,~wIIm i . . 
